Assignment 4

Textbook assignment:

Chapter 6, "Integration," pages 6-1 through 6-28 and

Chapter 7, "Integration Formulas," pages 7-1 through 7-37.

Leanning Objective:

Detenmine aneas under cunves through integration
and apply {ntegration to work probfems.

4-1, Which of the following statements
regarding integration is FALSE?

It is the inverse of addition
It is the direct opposite of
differentiation

N

3. F(x) = ff(x) dx

4. The derivative of a function is
given and the function must be
found

4-2. 1In the integral f(x) dx, dx is
known as the

limit of integration
integral sign
differential

integrand

o>w N
.

f - . . S
y = j X dx, then X 1s known as
e

t H
ol 0.

integrand
differential
integral sign

limit of integration

B W N -
.

4-4. An integral is used only to
represent an area under a curve.

1. True
2. False

°® Another way of viewing the

expression
n
A= 1lim I f(xy)Ax
n+o k=1

is to substitute the value of the x
coordinate into the function f(xyg) to
find the corresponding y coordinate.
Hence, for k = 1 to n, yg = f(xp),

y; = £(x1), vy, = f£(x5), «ovy yn = £(xp).

Therefore, the sum of the areas of the

rectangles with width Ax and heights

Yor Yyr Yor «+-r Y, may be written as

A = lim (yOAx + yle + yzAx + ...+ ynAx)
n-—>o

The limit of this sum of products as

n»®» equals the integral from a to b

of y dx, or

b
.I. y dx
a

(0] X X + Ax

Figure 4A.--Area AA.
IN ANSWERING ITEM 4-5, REFER TO
FIGURE 4A.

4-5. Under what condition can AA
closely approximate the area
under the curve y = f(x)
between points x and x + AX?

1. When .x is extremely small

2. When f(x) equals f(x + Ax)

3. When point B moves to the
right

4. When Ax increase without
limit
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b sy, xh a et es a6t -
£(a) f(c) T dx ' dx ! dx
a
are equal to

1. 4x3

2. 4x3, ax3 + 5, 4x3 + 8

3. 4x3, 4x3 + 5, 4x3 - 8

il
I

X
o) c b 4. 4x3, 4x3 - 5, 4x3 + 8
) 4-10. All integrals of a given function
Figure 4B.--Intermediate value between have the same constant of
a and b. integration.
IN ANSWERING ITEM 4-6, REFER TO 1. True
FIGURE 4B. 2. False
4-6. The Intermediate Value Theorem
actually measures the area of a 4-11. If f f(x) dx = F(x) + C, which
rectangle with width b - a and
intermediate height statement concerning C is TRUE?
1. £} - fla) 1. It has only one value
2 2, It has only positive values
2. £(b) - f£(a) 3. It has only negative values
4. It has an infinite number of
3. f£(a) + £(b) values
4. f(c)
When calculating the area under a 4-12. The statement "The integral of a
® curve, you must ensure the curve, dlffeyentlal of a functlgn.ls the
for example y = f(x), is continuous at function plus a constant” is
all points over which the area is being i1llustrated by
computed. If the curve is not continuous, 2
the area cannot be calculated by direct 1. [ 2x dx = x* + C
methods. r
2. fay=y+c
4-7, I1f A, = F(x) - F{(c) and x = n
¢ . ! 3. [ ax dx = ax? + C
then the area between points c
and n on a curve equals 4. [ adx = ax + C
1. F(n) + F(c)
2 4-13. Which expression is TRUE if g is
2. F(n) - F(c) a constant and y is a variable?
3. F(n) + F(o) 1. [gay=[gq[ay
F(n) - F(c)
4. — 3 2-Jfgdy=9y
4-8. Which of the following is 3. f gdy =g f dy
equivalent to g; [ g(x) dx? 4. I gdy =vy [ 9
d g(x}
o
2. g(x)
d G(x)
ST
4, Both 2 and 3 above
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4-14.

If I (dx + dy + dz)

XK XX
+ 4+

Which of the following integrals
CANNOT be determined by applying
n+l

equal to

the integral f x2 dx.

the rule, f ul qu = /71 + C?

4, [ x2/5 dx

Evaluate the integral

4
1.

.blx

N
%,

+

o)

S

+ C

b
'ﬂx

2

4, 4x° + C

Evaluate the integral
[ 7(x1/2 + %) ax.

2
1. %x3/2 + %— + C

2

2. 14x3/2 + %— + C

3, 14.3/2 %XZ +C
2

4. 2372 L X 4 g

[ Ez dx.
J 2

X

b
4—212/
a

Given ] dy = f x2 ax =

3

X 4+ c,

what is the value of the constant

of integration when x =

3 and y

1. It has an infinite number of

values
2. =-110/3
3. 14
4. -4

How do definite integrals differ

from indefinite integrals?

1. The variable must be assigned

a numerical value before the
constant of integration can

be found

2. The result of integration

has a definite value

3. No constant of integration

is needed
4. Both 2 and 3 above

f(x) dx is an integral with

which one of the following

characteristics?
. b is the lower limit
a is the upper limit
. b
. a

5 5
same as
1. F(10) - F(5)
2. F(10) + F(5)
3. F5 - F(10)
4. F(5) - F(10)

is more positive than a
and b must both be positive

10 10
4-22, f(x) dx = F(x) is the

The area bounded by the curve

y=

and x = 3 1is

x2 + 3, the X axis, and x =

2

The area above the curve y = -x

but below the X axis and between

x = 0 and x = 3 equals

|-9]
3

-3

S w o=

1

5?2



The area bounded by the curve
y = -x + 3, the X axis, x = 0,
and x = 6 equals (Hint: Be sure
to sketch the graph of the curve)
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The work, W, done in moving an
o object from coordinate a to
coordinate b is given by
b
=j’ Fix) dx
where F(x)
to the object.

This expression for work has
application to the force required in
stretching a spring. The force, F(x)},
required to stretch an elastic spring

is the variable force applied

is directly proportional to the extension

of the spring (Hooke's Law) or

F(x) = kx

where k is the constant of proportionality.

EXAMPLE:
a spring is 18 inches and a force of 20
pounds will stretch the spring to 21
inches, find the amount of work done in
stretching the spring from a length of
20 inches to a length of 24 inches.

Cinpca i+ 180 given +hat
[Sr 8§ L P Lo gJ.VC‘l L—llub

a forc of 20 pounds will stretch the
spring 3 inches (21 inches - 18 inches)
or 1/4 foot, then solving F(x) = kx for
k gives

20 pounds = k(1/4 foot)
or

k = 80 pounds per foot
and

F(x) = 80x
The work done in stretching the spring
from 20 inches (20 - 18 = 2-inch
extension or l/6-foot extension) to
24 inches (24 - 18 = 6-inch extension
or 1/2-foot extension) is then given by

If the natural length of

28

b
W =/ F(x) dx
a
f 1/2
= 80x dx
J 1/6
_ 80x?2 i 1/2
- 2 - 2 -
1 1/6
| 1/2
= 40x? ‘
1/6
=10 - 10/9

8 8/9 foot-pounds

4-26. Find the work done in stretching
a 2l-inch spring to 24 inches if
a force of 12 lbs is necessary
to stretch the spring from its
natural length of 21 inches to
21 1/2 inches.
1. 7 ft-1lbs
2. 9 ft-1bs
3. 12 ft-1bs
4, 14 ft-1lbs

® You may also use the expression

F(x) dx in determining the

b
v-f

a
work done in pumping water out of the
top of a tank. For a vertical
cylindrical tank with radius r feet and
height h feet, the weight of the water
remaining in ‘the tank is equal to

F(x) = knr?(h - x)

where h - x is the height of the water
remaining in the tank and k = 62.5
(since water weighs about 62.5 pounds
per cubic foot). Therefore, the work
required to pump all of the water out
of the top of the cylindrical tank is
given by

rh
w=j 62.51r2(h - x) dx
0



C ulate the worl
completely pump all of the water
out of the top of a vertical

cylindrical tank whose radius is

n answering items 4-28 through
-38, evaluate the given integral.

2 feet and height is 10 feet. 4-28. [ ax3 dx is

1. 8,000m ft-1bs 4

2. 9,5007 ft-1bs 1. x* + C

3. 11,000m ft-1bs

4. 12,500 ft-1bs 2. 44 4 ¢

3

Learning Objective: 3. 12x2 + C
Simplify and solve integrals using 4. 12x% + ¢

formulas.

The formulas below may be used for

® reference. In these formulas a, 1. 25,5/2 _ 2 _ x4 + C
n, and C always represent a constant 2 2 2
and u and v always represent a function -6
of x. 2. 2%3/2 - 2x2 - T+ C
5/2 T2 x'4
3. 2x - xS - 5— 4 C
Table 4A.--Formulas Involving Common
Integral Forms 5/2 x-4
4, 2x - -5 + C
1. f du = u + C
- r - _ r - - a4 M , )
2. adu-—ajdu—au+(, 4_30.1 (X+2)L dx is

J
3. f (du + dv) = [ du + [ av

=u+ v+ C

n uyn+1l

4. f w' du = o—/—71+C n # -1 3. 2% + 4 + C
3

-1 _ 1 4, 2(x + 2)° + C

5. u du = f 3 du
=1n |ul + ¢, u#o 4-31. f (x3 - 3)1/2x2 dx is
6. e dqu=¢e% +cC 1. 3 1/2
a 1. 7(){ - 3) + C

a
= + >
a~ du n a C, a 0 ) 3(x3 ) 3)3/2 . e
° 9

8. sin u du = -cos u + C
3. (x2 - D% 4 ¢
2 4 ﬁff—:ﬁéliﬁi + C
10 sec“u du = tan u + C * 4

csc“u du = -cot u + C
sec u tan u du = sec u + C

csc u cot u du = -cscu + C

/
/
/
/
9. { cos u du = sin u + C
J
/
/
/

29
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(2x - ><2)1/3

(x2 - 6x + 2)%(2x - 6)
5x5 - 2x3 + x + C

2(x2 - 6x + 2) + C

% x2 - 6x + 2)3 + ¢

%(x2 - 6x + 2)3(2x - 6)°
(x2 - 8) (x> - 24x%)~1/2
Lix? 8)2 + C

- %(3x2 24)73/2 4 ¢
x=3/2 _ 2471/2 4 ¢

(1 + x2)3

x -1

dx is

2
3(x - 1) +C
N A
8(2x ~ x°) "/~
22x - x3)2/3 4 ¢

2

- %(ZX - x2)2/3 + C

- %(ZX - )(2)4/3 + C

[s

-
n

[$)]
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R ax 1s
J Xx + 1
1. In lx + 1] + C
2. - ¢
X + 1
2
3. + C
(x + l)2

dx

is

=J x - 8

1. Yin|x - 8| + C
2. Lix - 92 + ¢

2
3, — 8 L¢

(x - 8)2

4. 4 1n |x - 8| + C

4-38. jf X dx is
2x2 -5
1. 4 1n |2x% - 5| + C
2. % 1n [2x2 -5 + ¢
2 2
(2x¢ - 5)
3. 5 +C
4 2 +C
(2x2 - 5)°

When it is necessary to integrate
a fractional function whose
numerator contains a taorm to a
higher power than any term in the
denominator, the first step is to

1. apply the form f'é du

2. divide the denominator into the
numerator

3. integrate each term in both
numerator and denominator
separately

4. divide each term of both

numerator and denominator by
the independent variable raised
to the highest power contained
in the numerator



When the degree of the polynomial
® in the numerator is greater than
or equal to the degree of the polynomial

in the denominator, then division of a

polynomial by a polynomial can be
performed.

For example,
(x4 + x2 + 2x - 80):(x + 3)
could be determined as follows:

- 3x2 + 10x - 28

3
X
X + 3) x* + Ox3 + x2 + 2x - 80

x4 + 3x3
-3x3 + x2
-3x3 - 9x?
10x2 + 2x
10x2 + 30x
-28x - 80
-28x - 84
4
so,
x} + x2 + 2x - 80
x ¥ 3)
= x3 - 3x2 + 10x - 28 + §‘%‘§

P In answering items 4-40 through
4-54, evaluate the given integral.

4-40 Xz dx is
TRV x -1

1. 2x + C
2. - 53_:_53_:_2§ +C
x2 - 2x - 1
3. if-g_lli +1n |x - 1] + C
12

4. 5x“ + x + 1n |x - 1] + C

4 2
4-41.j( i__i_%ii___i dx is

1. 4x3 - 6x + 1ln |x + 2| + C

1.4 _ 2.3 1.2 1
2, Ex 3x + 2x + 1n + C
(x +2)2
1.4 2.3 1.2
3. Ix - §x + Fx - 2 1n [x+-2|+‘c
2 1
4. %x4 - §x3 + ixz - 2x + C

3
4-43.J{ (x2 - 1)e(3x-x7) gx is

1, - % 1n [3x - x3] + ¢

3
2, - %e(3x"x ) + ¢

3. e(3x—x3) +C

4. 3e(3x—x3) + C

4-44. [ 2¥ dx is

1. 2x + C

2. 2%1n2 +c

2x
3 mzt e
x+1
dexFItC



r 4 P ”r ~ ~
4-45, [ 5(X/2-3) gx is 4-49, j csc ; cot < d6 is

2
2[5(X1/2_3)]
1. in 5 +C 1. 2 cos g tan g +C
5, _ z(ﬁ
2. 5x - 15+ C 2. 2 secq3)+ c
2-3)2
3. éi:é~?—l— + C 3. - % cot 2 + C
1 ) -2 cec g +
4, %x - 3 1In5 + C 4. 2 csc 5+ C
" csc?vx .
4-46 / sin X dx is 4-50. "~ dx is
VX
1 X
1. - = cos =+ C
2 2 1. - % cot3(x1/2) + C
2. -2 sin 2 + ¢
2 2. % cot /X + C
3. -2 cos % + C -1/2
3. -cot x + C

4, 2 tan % + C
4, -2 cot /x + C

2 .
4-47. f x cos 2x° dx is 4-51. [ X sec (1 - x2) tan (1 - x2) dx is

-5 2
1. -sin 2x2 + C 1. - % sec (1 - x2) + C
2. % sin 2x2 + C
2 2. -sec 2x tan 2x + C
2
3. 2 cos %x3 + C 2
2 3. —csc (1 - x°) + C

4, tan (1 - x2) + C
4-48, [ {cos 2x - sin §) dx is
4-52, I seczax dx is

l. sin 2x + cos § + C

1. Tl sec3ax + C
3a
2. 6 cos 2x sin X + C
3 1 2
2. 3 tan“ax + C
3. 1 sin 2x + 3 cos X + C
2 3 1
3. 3 tan ax + C
4. 2 sin 2x + % + C

4, a tan ax + C

32



-6 f c052x sin x dx is

1. -6 cos x + C

2

2. -2 cos x“ + C

3. 2 cos3x + C

3

4, 2 sin'x + C

33

4-54. f sin3(§) cos % dx is
1. T% sin4(§> + C
sin4(§) +C
cos4(§) + C

4. T% cos4(§) + C

W W



